This paper is devoted on the case where a norm on some space of random variables is defined by a coherent risk measures. We deduce that a Banach lattice norm is defined through Expected and Adjusted Expected Shortfall on L 1 .
Norms defined by risk measures
The theme of this paper is the use of the coherent risk measures in the definition of norms on linear spaces. For this reason, we initially take a probability space (Ω, F, µ) and the space of the the R-valued, F-measurable random variables L 0 (Ω, F, µ). We consider subspaces E of L 0 (Ω, F, µ), on which coherent risk measures are defined with respect to some set of functionals F ⊆ E * . Namely, the relevant coherent risk measures admit a dual (robust) representation of the form ρ(x) = sup
where f (−e) = 1, f ∈ E, for some e ∈ E called safe asset.
Expected Shortfall admits the following robust representation, according to [6, Th.4.1] :
where Q << µ is a probability measure on (Ω, F). As it is well-known, the monetary Adjusted Expected Shortfall is the risk measure
Hence we define the following function
, where
As a consequence of the above Definition, we have the following
, which is equivalent to the standard norm . 1 of it.
Proof :
For the properties of the norm, they arise from the fact that . 1 is a norm.
defines a norm on L 1 (Ω, F, µ), which is equivalent to . b and . 1 , too.
due to the robust representation of ES a . Due to the robust representations of both ES a , AES a,b we also have that
For the norm properties of . a we have the following:
(from the triangle inequality of the absolute value and the Monotonicity Property of ES a as a coherent risk measure, see [1, Pr.3.2] ).
(from the Subadditivity property of ES a as a coherent risk measure). Hence . a satisfies the triangle inequality.
from the Positive Homogeneity of the Expected Shortfall as a coherent risk measure. Also, if x a = ES a (|x|) = 0, then
This implies
which implies that inf
where U is the closed unit ball of L ∞ (Ω, F, µ), since it is an AM-space with unit, namely a Banach lattice E whose norm has the property x ∨ y = max{ x , y }, x, y ∈ E + , (see [2, Def.9 .26], [2, p.373]). The last infimum is equal to sup g∈ 
Appendix
In this Section, we give some essential notions and results from the theory of partially ordered linear spaces which are used in this paper. For these notions and definitions, see [5, Ch.1, Ch.2, Ch.3]. Let E be a (normed) linear space. A set C ⊆ E satisfying C + C ⊆ C and λC ⊆ C for any λ ∈ R + is called wedge. A wedge for which C ∩ (−C) = {0} is called cone. A pair (E, ≥) where E is a linear space and ≥ is a binary relation on E satisfying the following properties:
(ii) If x ≥ y and y ≥ z then x ≥ z, where x, y, z ∈ E (transitive) (iii) If x ≥ y then λx ≥ λy for any λ ∈ R + and x + z ≥ y + z for any z ∈ E, where x, y ∈ E (compatible with the linear structure of E), is called partially ordered linear space. The binary relation ≥ in this case is a partial ordering on E. The set P = {x ∈ E|x ≥ 0} is called (positive) wedge of the partial ordering ≥ of E. Given a wedge C in E, the binary relation ≥ C defined as follows:
is a partial ordering on E, called partial ordering induced by C on E. If the partial ordering ≥ of the space E is antisymmetric, namely if x ≥ y and y ≥ x implies x = y, where x, y ∈ E, then P is a cone. E denotes the linear space of all linear functionals of E, called algebraic dual while E * is the norm dual of E, in case where E is a normed linear space. If C is a cone, then a set B ⊆ C is called base of C if for any x ∈ C\{0} there exists a unique λ x > 0 such that λ x x ∈ B. The set B f = {x ∈ C|f (x) = 1} where f is a strictly positive functional of C is the base of C defined by f . B f is bounded if and only if f is uniformly monotonic. If B is a bounded base of C such that 0 / ∈ B then C is called well-based. If C is well-based, then a bounded base of C defined by a g ∈ E * exists. If E = C − C then the wedge C is called generating, while if E = C − C it is called almost generating. If C is generating, then C 0 is a cone of E * in case where E is a normed linear space. Also, f ∈ E * is a uniformly monotonic functional of C if and only if f ∈ intC 0 , where intC 0 denotes the norm-interior of C 0 . If E is partially ordered by C, then any set of the form [x, y] = {r ∈ E|y ≥ C r ≥ C x} where x, y ∈ C is called order-interval of E. If E is partially ordered by C and for some e ∈ E, E = ∪ ∞ n=1 [−ne, ne] holds, then e is called order-unit of E. I e = ∪ ∞ n=1 [−ne, ne] is the solid subspace of E generated by e, then e is a quasi-interior point of C if E = I e . If E is a normed linear space, then if every interior point of C is an order-unit of E. If E is moreover a Banach space and C is closed, then every order-unit of E is an interior point of C. The partially ordered vector space E is a vector lattice if for any x, y ∈ E, the supremum and the infimum of {x, y} with respect to the partial ordering defined by P exist in E. In this case sup{x, y} and inf{x, y} are denoted by x ∨ y, x ∧ y respectively. If so, |x| = sup{x, −x} is the absolute value of x and if E is also a normed space such that |x| = x for any x ∈ E, then E is called normed lattice. If a normed lattice is a Banach space, then it is called Banach lattice. Note that every well-based cone in a Banach space which has a base defined by a continuous linear functional.
